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Abstract. In this paper, we define the spaces with a regular base at non- isolated 
points and discuss some metrization theorems. We firstly show that a space X is a 
metrizable space, if and only if X is a regular space with a cr-locally finite base at non- 
isolated points, if and only if A is a perfect space with a regular base at non-isolated 
points, if and only if A is a /3-space with a regular base at non-isolated points. In 
addition, we also discuss the relations between the spaces with a regular base at non- 
isolated points and some generalized metrizable spaces. Finally, we give an affirmative 
answer for a question posed by F. C. Lin and S. Lin in [7], which also shows that a 
space with a regular base at non-isolated points has a point-countable base. 



1. Introduction 

The bases of topological spaces occupy a core position in the study of the topological 
theories and metrization problems, which has produced many kinds of metrization the- 
orems, and establishes a foundation for the topological development [12j . For example, 
the following is a classic metrization theorem. 

Theorem 1.1. The following are equivalent for a space X: 

(1) X is metrizable; 

(2) X is a Ti-space with a regular base; 

(3) X is a regular space with a a-locally finite base. 

In recent years, the theory of regular bases in topological spaces played an important 
role in generalized metrizable spaces [21 [T7]. On the other hand, in the study of the 
theories of topological spaces, we are mainly concerned with the properties of neighbor- 
hoods on non-isolated points, and also discuss the relation between their properties and 
global properties. For example, a study of spaces with a sharp base, a weakly uniform 
base or an uniform base at non-isolated points [21 El [7] shows that some properties of a 
non-isolated point set of a topological space will help us discuss the global construction 
of a space. Especially, a space X with a uniform base at non-isolated points if and 
only if X is the open and boundary-compact image of a metric space [7J. The most 
typical example is the spaces obtained from a metrizable space by isolating the points 
of a subset. 

Let B be a base for a space X. For any x € X, the base B of X is called regular at 
a point x if, for every neighborhood U of x, there exists an open subset V such that 
x G V C U and {B £ B : B n V + and B <£ U} is finite. 
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By Theorem ll.il every metric space has a base which is regular at non-isolated points. 
However, there exists a non-metrizable space with a base which is regular at non-isolated 
points, see the following Example II. 2 i 

Example 1.2. Let X be the closed unit interval I = [0, 1] and B a Bernstein subset of /. 
In other words, B is an uncountable set which contains no uncountable closed subset of 
i". Endow X with the following topology, i.e., Michael line [15] : G is an open subset for 
X if and only if G = UUZ, where U is an open subset of I with Euclidean topology and 
Z C B. Let B be a base of I with the Euclidean topology, where B is regular at every 
point of I. Then V = B U {{x} : x G B} is a base for X and also regular at non-isolated 
points. 

Hence this causes our interests in a study of spaces with a base which is regular at 
non-isolated points, and the related problems of the metrizability. In this paper, we 
shall prove that spaces with a regular base at non-isolated points are strictly between 
the discretizations of metrizable spaces and proto-metrizable spaces, and we also obtain 
some metrization theorems which help us to better understand the relation between 
the properties at non-isolated points and global properties in the study the generalized 
metrizable spaces. 

In this paper all spaces are Ti unless it is explicitly stated which separation axiom 
is assumed, and all maps are continuous and onto. By M, N, denote the set of real 
numbers and positive integers, respectively. For a space X, let / = I(X) = {x : 
x is an isolated point of X} and I(X) = {{x} : x G I(X)}. Let V be a family of 
subsets for X, and we denote 

st(x,V) = U{P G V : x G P},x G X; 

st(A, V) = U{P G V : A n P ± 0}, A C X; 

V m = {P G V : ifPcQeV, then Q = P}. 

Readers may refer to [Bl [13] for unstated definitions and terminology. 

2. Regular Bases at non-isolated points 

Definition 2.1. Let B be a base of a space X. B is a regular base, see e.g. [6] (regular 
base at non-isolated points, resp.) for X if for each (non-isolated, resp.) point x G X, 
B is regular at x. 

It is obvious that regular bases regular bases at non-isolated points, but regular 
bases at non-isolated points=£> regular bases by Example 11.21 

Definition 2.2. Let {Wj}jgN be a sequence of open covers of a space X and I(X) C 
UieN^- {WijigN is called a strong development, see e.g. [6] (strong development at 
non-isolated points, resp.) for X if for every i£l(i£X-J) and each neighborhood 
U of x there exist a neighborhood V of x and an i G N such that st(V, Wj) C U. If 
{WijjgN is a strong development at non-isolated points, then so is {Wi Ul(X)}i^. 

The following Lemma 12.31 is proved similarly to Lemma 5.4.3 in [6J, and leave to the 
reader the easy proofs of Lemma 12.41 and 12.51 

Lemma 2.3. If B is a regular base at non-isolated points for a space X, then the family 
B m C B is locally finite at non-isolated points and also covers X — I. 
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Lemma 2.4. Let B be a regular base at non-isolated points for X. If B' C B is point- 
finite at non-isolated points, then B" = (B — B') UZ(X) is a regular base at non-isolated 
points for X . 

Lemma 2.5. If B is a regular base at non-isolated points for X, put 

i-l 

B 1 = B m , Bi = [(B - (J Bj) U l(X)] m , i = 2, 3, • • • . 

3=1 

Then B = (IJSi Bi) U^(X), and for each i G N, Bi is locally finite at non-isolated points 
and Bi+i U2(X) refines UZ(X). 

Recall that a topological space X is monotonically normal [10] if for each ordered 
pair (p, C), where C is a closed set for X and p G X — C , there exists an open subset 
H(p, C) satisfying the following conditions: 

(i) P GH(p,C)cX-C; 

(ii) For every closed subset D for X, if D C C, then H(p, C) C H (p, D); 

(iii) If p ^ q G X, then H(p, {q}) n H(q, {p}) = 0. 

A T2-paracompact space or monotonically normal space is a collectionwise normal 
space [TP] . 



Lemma 2.6. If a space X has a strong development at non-isolated points, then X is 
a monotonically normal and paracompact space. 

Proof. Let {Wi}j g N be a strong development at non-isolated points for X, where Wj+i 
refines Wj for every i 6 N. 

(1) Claim. Let A be a closed subset for X. If x G (X — A) n (X — I), then there exists 
an i € N such that st(x, Wj) n st(A, W,) = 0. 

In fact, since X — A is an open neighborhood of x, there exists a j G N and an open 
neighborhood V of x such that st(V, Wj) C X — A. Also, there exists a i > j such that 
st(x, Wi) C V. Since st(A, Wi) CZ X - V, we have st(x, Wi) n st(^4, Wj) = 0. 

(2) X is a monotonically normal space. 

Let C be a closed subset for X and p G X — C. If p G /, then we let H (p, C) = {p}; 
if p G X — I, then there exists a minimum n G N such that st(p, W n ) fl st(C, W n ) = 
by (1), so we let H(p,C) = st(p, W n ). Then H(p,C) is an open subset for X. Clearly 
this definition of H(p, C) satisfies the conditions (i) and (ii) in the above definition of 
monotonically normal spaces. We next prove that it also satisfies (iii). In fact, for any 
distinct points p, q in X — I, fix the n, m for which: 

H{p,{q}) = st(p,W„) and H(q, {p}) = st(g,W m ). 

Then 

st(p, W n ) n st{q, W n ) = and st(p, W m ) n st(g, W m ) = 0. 

By the choice of n, m, we have n = m, i.e, H(p, {q}) n i^(g, {p}) = 0- Hence it also 
satisfies (iii) in the definition of monotonically normal spaces. 

(3) X is a paracompact space. 

Let {G s } sG s be an open cover for X and So = {s G S : G s n (X — I) ^ 0}. Fix a 
well-order by "<" on Sq. For every i G N, s G So, put 
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F Sii = X- (st(X - G s , Wi) U (U s , <s G s ,)), 

then F Sj i C G s . 

(3.1) The closed family {F Sii } s€ s ,ieN covers X — I. 

Indeed, for every x £ X — I, there exists a minimum s{x) £ So such that x £ G s ^ x y 
Since {Wi}«eN is a strong development at non-isolated points for X, there exists an 
i{x) £ N such that st(x, W^m) C G s ( x y Hence x € ^(zVjfe)- 

(3.2) For every i £ N, {F Sii } sg s is a discrete and closed family for X. 

The family {F^jjsgSo is disjoint by construction, hence if x £ I then {x} is a neighbor- 
hood that intersects F S) i for at most one s. H x £ X\I then, using (3.1), x £ U s gS G s - 
Hence there exists a minimum s(x) £ So such that x £ G s r x \. Then G a i x ) n st(x, Wj) is 
an open neighborhood of x. If s' < s(x), then x £ X — G s /, so we have 

st(x,Wi) C st(X - G s >,Wi) and st(x, Wi) fl F s ' ti = 0; 

If s' > s(x), then Gg^) fl F s i^ = 0, so there is only one member of {i^ijsgs,, which 
meets G s ^ n st(x, Wj). Hence {Fs^jsg^g is a discrete and closed family for X. 

X is collectionwise normal since monotonically normal spaces are collectionwise nor- 
mal [ID]. For every F Sj i, there exists an open subset G Sj i such that F s ^ C G S; i C G s and 
{G s ,i} s &s is a discrete family. Let 

Bi = {G Stl } seSo U {{x} : x £ / - |J G Stl }. 

s£S 

Then IJign^ ^ s a c-locally finite open cover for X and refines {G s } sG s. Since X is 
regular, X is paracompact. □ 

Next we shall prove the main theorems in this section. 

Theorem 2.7. A space X has a regular base at non-isolated points if and only if X 
has a strong development at non-isolated points. 

Proof. Necessity. Since X has a regular base at non-isolated points , X has a regular 
base at non-isolated points B = (UieN Bi) U 1(X) satisfying Lemma 12.51 where B{ is 
locally finite at non-isolated points and Bi+\ U I(X) refines Bi U I(X) for every i £ N. 
Put Wi = BiL)I(X). We will show that {Wj}j g N is a strong development at non-isolated 
points for X. In fact, for every x £ X — I and each open neighborhood U of x, since 
B is regular at non-isolated points , there exists an open neighborhood V C U of x 
such that the set of all members of B that meet both V and X — U is finite. We can 
denote these finite elements by B\,B2,--- , . Then there exists a j £ N such that 
Bj n {B, : i < k} = 0. Hence st(V, Wj) C U. 

Sufficiency. Let {Wj}i S N be a strong development at non-isolated points for X. By 
Lemma [2 .61 X is paracompact. For every i £ N, let Bj be a locally finite open refinement 
for W{. Without loss of generality, we may assume Bi + \ refines Bi for every i £ N. We 
next prove that B = (UieN^*) UZ(X) is a regular base at non-isolated points for X. 
Obviously B is a base for X. For every x £ X — I and each open neighborhood U of 
x, there exist an open neighborhood V of x and an i £ N such that st(V, Wi) C U. If 
j > i, then 

st(V,Bj) C st(V,jBi) C st(V,Wi) C U. 
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However, since each Bj is locally finite, there exists an open neighborhood W{x) of x 
such that the set of all members of Uj<i &j that meet W(x) is finite. LetVi = Vn W(x). 
Then the set of all members of B that meet V\ and X — U is finite. □ 

Similar to definition \'1.2\ we say a space X has a development at non-isolated points 
[7] if there exists a sequence {WijieN of open covers for X such that, for every x £ X — I 
and each open neighborhood U of x, there exist an open neighborhood V of x and an 
i G N such that st(F, Wj) C J7. 

Theorem 2.8. >1 space X has a regular base at non-isolated points if and only if X is 
a T2-paracompact space with a development at non-isolated points. 

Proof. Necessity. By Lemma 12.61 and Theorem 12.71 if X has a regular base at non- 
isolated points, then X is a T2-paracompact space with a development at non-isolated 
points. 

Sufficiency. Let X be a T2-paracompact space with a development {WjjigN at non- 
isolated points. Since X is a T2-paracompact space, there exists a sequence of open 
covers {Bi}^ for X such that B; L+ \ is a star refinement of Bi A Wj+i for every i G N. 
We next prove that {£>j}ieN is a strong development at non-isolated points for X. For 
every x & X — I and every open neighborhood U of x, there exists an i 6 N such that 
st(x, Wj) C U. Choose a V £ Bj+i such that x £ V. Then 

st(V,B i+ i) C st(x,#i) C st(x,Wi) C U. 

By Theorem 12.71 has a regular base at non- isolated points. □ 

Remark We cannot omit the condition "T2" in Theorem 12.81 In fact, let X be the 
finite complement topology on N. Then X is a Ti-compact and developable space, but 
it is not a T2-space. 

The following corollary is a complement for Lemma 12.51 

Corollary 2.9. A space X has a regular base at non-isolated points if and only if X is 
a regular space with a development at non-isolated points {Bi Ul(l)}jgM, where Bi is 
locally finite at non-isolated points for every i £ N. 

Proof. Necessity. It is easy to see by the proof of necessity in Theorems 12.71 and 12.81 

Sufficiency. Let X be a regular space with a development at non-isolated points 
{Bi UZ(X)}j<=N> where Bi is locally finite at non-isolated points for every i g N. For 
each i € N, let 

Ui = {x € X : Bi is locally finite at point x}. 

Then Ui is an open subset and Bi is locally finite at each point of Ui. Since X — I C Ui, 
X — Ui C I and X — Ui is an open subset for X. Hence Ui is an open and closed subset 
for X. Thus Bi\Ui = {B n Ui : B E Bi} is an open and locally finite family. 

By Theorem 12.81 we only need to prove that X is a paracompact space. In fact, for 
every open cover U of X and each i € N, let 

Vi = {B n U : B G Bi and there exists an (/ 6W such that B C U} 

and 



Vi = uVi. 
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Put 

V = ((J Vi) U {{x} : x G F}, where F = f]{X - Vi). 

Then V is a cover for X and F <Z I. In fact, if x G X — I, then there exists an U G U 
such that x G U. Hence there exists an n G N such that st(x,B n ) C U. Fix a B G B n 
such that x € B. Then B C U and x £ B nU n £ V n . So x G Then F is a closed 
and discrete subset for X. Hence V is an open cr-locally finite cover and refines IA. By 
the regularity, X is a paracompact space. □ 

Example 2.10. There exists a non-regular T2-space with a development at non-isolated 
points. 

Let Q, P denote the rational numbers and the irrational numbers, respectively. Let 
X = M and endow X with the following topology [1]: every point of P is an isolated 
point; every point x£Q has neighborhoods of the following form: 

B(x, n) = {x} U {y G P : \y - x\ < 1/n}, n G N. 

Then X is a non-regular T2-space and the isolated points set of X is P. We denote 
Q = {q-m '■ m G N}. For any n, m G N, let 

B n ,m = {B(q m ,n),R- {q m }}, 

Then B n , rn is a finite open cover for X, and st(q m ,B njm U I(X)) — B(q mj n). Hence 
{B ni m Ul(X)}„ ]me pj is a development at non-isolated points for X and B n ^ m is locally 
finite for any n, m G N. 

3. Metrization Theorems 

In this section we shall discuss the metrization problems on spaces with the properties 
of bases at non-isolated points. 

X is called a "perfect space if every open subset of X is an i^-set in X. 
Theorem 3.1. Let X be a space. Then the following are equivalent: 

(1) X is metrizable; 

(2) X is a perfect space with a regular base at non-isolated points; 

(3) X is a perfect space with a strong development at non-isolated points. 

Proof. By Theorems 11.11 and 12 . 71 we only need to prove (3) =^ (1). 

Let X be a perfect space with a strong development at the non-isolated points 
{WijigN of X. Then there exists a sequence of open sets {G n } n( =N such that X — I = 
r\n=i G n- For every n G N, let U n = {G n } U {{x} : x G / - G n }. Then {i/ n } neN is a 
sequence of open covers for X. Put V2 n -i = VV n and Vin = ^n, for each n G N. Then 
{V n } ne N is a strong development for X, and X is metrizable by [6j Theorem 5.4.2]. □ 

Remark By Example II. 2\ we see the condition a X is perfect" in (2) and (3) of Theo- 
rem [3J] cannot be omitted, although clearly it can be replaced with the condition that 
I(X) is an i^-set. 

Definition 3.2. Let B = IJjgN ' 3e a Dase f° r space X. ^ is called a-locally finite at 
non-isolated points, if for every i G N, Bi is locally finite at non-isolated points for X. 
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Similarly, we can define the notion of spaces with a a-discrete base at non-isolated 
points. 

Definition 3.3. Let B be a family of subsets of X. For every x G X, B is called 
hereditarily closure-preserving at x if, for any H{B) C B G B, x G Li{H(B) : B G £>}, 
then x G Li{H(B) : B G B is called a hereditarily closure-preserving collection for 
X if, for every is hereditarily closure-preserving at x. 

It is easy to verify that a collection is hereditarily closure preserving if and only if it 
is hereditarily closure preserving at non-isolated points. 

Lemma 3.4. Let B be locally finite at non-isolated points for X . Then B is hereditarily 
closure-preserving. 

Proof. Let B = {B a : a G T}. For every a G T, choose H a C B a . We can assume 
x G X — I and denote H = {H a } aG r- If x G WH, then there exists an open neighborhood 
U(x) of x such that the set of all members of {H a } a £r that meet U(x) is finite because 
{H a }aeT is locally finite at non-isolated points, we denote these finite elements by 
H ai , H a2 , • • • , H an . Since 

WH = 1>(H - {H at : i < n}) U U{H ai :i<n}, and 

U(x) n (U(H - {H ai : i < n})) = 0, 

we have x G U{H ai : i < n}. Hence x G WH. □ 

Lemma 3.5. [5j A regular space X is metrizable if and only if X has a a -hereditarily 
closure-preserving base. 

Lemma 3.6. Let X be a regular space. Then the following conditions are equivalent: 

(1) X is metrizable; 

(2) X has a base which is a-discrete at non-isolated points; 

(3) X has a base which is a-locally finite at non-isolated points. 

Proof. It is easy to see by Theorem 11.11 Lemmas 13.41 and 13.51 □ 

Let X be a topological space and t(X) its topology, g : N x X — > t(X) is called 
a ^-function if, for any x G X and n G N, x G g(n,x). A space X is called a f3-space 
if there exists a (7-function such that, for every x G X and sequence {x n } in X, 
if x G g(n,x n ) for each n G N, then {x n } has a cluster point in X. Obviously every 
developable space is a /3-space. 

Theorem 3.7. ^4 space X is metrizable if and only if X is a j3-space with a regular 
base at non-isolated points. 

Proof. We only need to prove the sufficiency. Let X be a /3-space with a regular base at 
non-isolated points. By Theorem l3.ll it suffices to prove that L(X) is an Fo-set. Suppose 
g is a ^-function satisfying the above definition of /3-spaces. Since X has a regular base at 
non-isolated points, X has a regular base at non-isolated points B = (UngN &n) Ul(X) 
satisfying Lemma \2.5\ where B n is locally finite at non-isolated points and £> n +i Ul(X) 
refines B n U I(X) for each n G N. For each n G N and 1 £ I - J, put 

6(n,x) = n{£ G £ n : x G B}. 
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Then {b(n, x)} nS N is a local base for x 6 X — I. For each n £ N, put 
h(n, x) = (n{g(i, x) : i < n}) n b(n, x), x € X — I; 

H n = U{h(n, x) : x € X - I}. 

Then X — I C H n and H n is an open subset for X. We next prove X — I = HneN ^n- 
Let x € flneN H n - Then there exists some point x n £ X — I such that x € /i(n, x n ) for 
each n 6 N. Since X is a /3-space and x € g(n,x n ), {x n } has a cluster point in X. Let 
y be a cluster point of {x n }. Then y £ X — I and b(n,y) is an open neighborhood of 
y. Without loss of generality, we can assume x ni 6 b(i, y) for each j G N. We will show 
that b(i,x ni ) C b(i,y). If not, choose a point z E b{i,x ni ) — b(i,y), then there exists 
& B £ Bi such that y € B and z ^ B. Since x ni G b(i,y) C B, z £ b{i,x ni ) C B, a 
contradiction. Hence 



i.e, x = y £ X — I. Thus X — J = HneN -^ n > an< ^ ^ ^ s an ^o-set for X. By Theorem 13. 11 



Remark The Stone-Cech compactification /3N of N is a /3-space, but it is not a perfect 
space [6j Corollary 3.6.15]; Sorgenfrey line is a perfect space, but it is not a /3-space [TT| 
Example 4.4]. Hence, Theorem 13.11 and Theorem 13.71 are independent each other. 



Definition 4.1. [14] Let X be a topological space and let A be a subset of X. The 
discretization of X by A is the space whose topology is generated by the base {U : 
U is an open subset of X} U {{x} : x € A}. It is denoted by Xa in [U Example 5.1.22]. 
We say that a space Y is a discretization of X if Y = Xl for some A C X. 

Theorem 4.2. Lei X be a metric space. If A C X and Xa is the discretization of X 
by A, then Xa has a regular base at non-isolated points. 

Proof. Since X is a metric space, X has a regular base B\. Let B = B\ U {{x} : x G ^4}. 
Obviously, £? is a regular base at non-isolated points for Xa- D 

Remark If a space X with a regular base at non-isolated points, then is it a discretizable 
space of a metric space? The answer is negative, see Example 14.31 Recall that X is 
said to have a G 5- diagonal if there exists a sequence {U n } ne n of open covers such that 
i x } = flneM 13 *^'^") for ever y x £ X. 

Example 4.3. There exists a space Y having a regular base at non-isolated points. 
However, Y is not a discretization of a metric space. 

Let X be the Michael line in Example II. 2\ and denote it by Xb- Let X* be a copy 
of Xb and / : Xb — > X* a homeomorphic map. Put Z = X# (|) X* and let g : Z — > Y 
be a quotient map by identifying {x, /(x)} to a point for each x € Xb \ B in Z. Then 

Y is a quotient space. 

By [16] . it is easy to see Y has no G^-diagonal. Since the discretization of a metric 
space has a G^-diagonal, Y is not a discretization of a metric space. We next prove that 

Y has a regular base at non-isolated points. 




X is metrizable. 



□ 



4. Relations with Generalized Metrizable Spaces 
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Put X = {{x} : x G B} and let 6 be a regular base of I with the Euclidean topology. 
Then B U X is a regular base at non-isolated points for Xb- Hence /(£>) U f(X) is a 
regular base at non-isolated points for A*. Then Q = {g(B U f(B)) : B G B}UXUf(X) 
is a regular base at non-isolated points for Y. 

Indeed, it is easy to see that Q is a base for Y. For every y G Y — I(Y) and each 
open neighborhood U of y in Y, there exists a point x G A# such that y(x) = y. Then 
#(/(») = V, and x,/(x) G S _1 (?7). Since 

6 = fiU/(£)UZU/(Z) 

is a regular base at non- isolated points for Z, there exist open neighborhoods V x , Vff x ) C 
y _1 (t r ) of x,f(x) in Z respectively such that the set of all members of £?o that meet 
14 and Z — g^iU) is finite, and the set of all members of B$ that meet VfM and 
Z — g~ 1 (U) is also finite. Since / is a homeomorphic map, there exists a B G such 
that x £ B C V x and /(a?) G /(£) C V>( x ). Then y(x) = y e g(B U f{B)) C f7. Since 
the set of all members of Bo that meet B U f(B) and Z — g~ l (U) is finite. If V G So, 
then = V, hence the set of all members of Q that meet g(B U f(B)) and 

Y — U is finite. Thus Y" has a regular base at non-isolated points. 

Definition 4.4. [II] An ortho-base B for X is a base of X such that either PiA is open 
in X or n^4 = {x} £ X(X) and A is a neighborhood base at x in X for each A C £>. A 
space A is a proto-metrizable space if it is a paracompact space with an ortho-base. 

Recall that a space A is called a "y-space if there exists a y-function y(n, a;) for A 
satisfying for each x G A and sequences {x n }, {y n } if a^n G g{n,y n ) and y n G g(n,x) for 
each n G N, then x n — > x. 

Theorem 4.5. // a space X has a regular base at non-isolated points, then X is: 

(1) a proto-metrizable space, and 

(2) a j-space. 

Proof. (1) By Lemma 12.61 and Theorem 12.71 A is a paracompact space. Also, A has an 
ortho-base by [3 Theorem 3.4]. Hence A is a proto-metrizable space. 

(2) To prove part (2), for each n G N and x G A define a function ^:NxI-> T (A) 
as follows: if x G /, then g(n,x) = {x}; if x G A — /, then g(n,x) = b(n,x), where 
b(n,x) is the same as in the proof in Theorem 13.71 Then {g(n,x)} n ^n is a decreasing 
and open neighborhood base of x, and if y G g(n,x), then g{n,y) C g(n,x). For each 
x G A and sequences {x n }, {y n }, if £ 5 r ("- ; yn) and y n G y(n, x) for each n G N, then 

G g(n,y n ) C y(n,x), thus x n — >• x. Hence A is a 7-space. □ 

Example 4.6. There exists a proto-metrizable space which has no regular base at non- 
isolated points. 

The proto-metrizable but non-7-space described in Section 3 in [9] works. 

Remark From the discussion above, it can be seen that spaces with a regular base 
at non-isolated points are strictly between the discretizations of metrizable spaces and 
proto-metrizable spaces. 

Corollary 4.7. Let X have a G$-diagonal. Then the following conditions are equivalent: 

(1) A is a discretizations of a metrizable space; 

(2) A has a regular base at non-isolated points; 
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(3) X is a proto-metrizable space. 
Proof. By Theorems K2\ and H3J we have (1) => (2) (3). By [9, Theorem 3.1], it can 



The condition "G^-diagonal" cannot be omitted in Corollary 14.71 by Example 14.31 

Question 4.8. Under what conditions a proto-metrizable space has a regular base at 
non-isolated points? 

Remark Since a proto-metrizable space is a paracompact space, Theorem 12.81 is an 
answer for Question 14.81 However, we expect a simpler answer. 

Definition 4.9. Let B be a base of a space X. B is point-regular pQ (point-regular at 
non-isolated points [7], resp.) for X, if for each (non-isolated, resp.) point x € X and 
x € U with U open in X, {B E B : x € B <£_ U} is finite. 

Obviously, every regular base at non-isolated points is a point-regular base at non- 
isolated points. In [7], it is proved that a space X has a point-regular base at non-isolated 
points if and only if X is an open, boundary-compact image of a metric space. On the 
other hand, a space X is an open, boundary-compact, s-image of a metric space if and 
only if X has a point-countable base which is point-regular at non-isolated points. The 
following question is posed in Question 5.1]: 

Question 4.10. [7, Question 5.1] Let a space X have a point- countable base. If X has 
a point-regular base at nos-isolated points, is X an open, boundary- compact, s-image of 
a metric space? 

Next, we give an affirmative answer for Question 14.101 

A space X is called metalindelof if every open cover of X has a point-countable open 
refinement. 

Theorem 4.11. The following are equivalent for a space X : 

(1) X has a point- countable base, and has a point-regular base at non-isolated points; 

(2) X has a point- countable base which is point-regular at non-isolated points; 

(3) X is an open boundary-compact, s-image of a metric space; 

(4) X is an open s-image of a metric space, and is an open boundary- compact image 
of a metric space; 

(5) X is a metalindelof space with a point-regular base at non-isolated points. 

Proof. It is proved in [7] that if V is a point-regular base at non-isolated points for a 
space X, then we can assume that V = UneN ^ n satisfies the following conditions: 

(a) V n is an open cover and is point-finite at non-isolated points; 

(b) {V n } is a development at non- isolated points for X. 

(1) (2). Suppose that X has a point-countable base B, and suppose that X has a 
point-regular base at non-isolated points V. We can assume that V = UneN satisfies 
the conditions (a) and (b). For each n € N, put 




□ 



Bf = {B G B : B £ I(X)}; 

V n {B) = {P £ V n ■ B c P}, V B G B'; 
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P = U{P £ B' : P £ V n (B)}, VP G V n \ 

V n = {P:Pe V n }. 

Then V n is point-countable. In fact, if x G P G Pn, then there is B' G B' such that 
x G B' and P G V n (P / ). Since {B G B' : x G P} is countable, and each V n (P) is finite 
for each B G by the condition (a), it follows that {P G V n (P) : x G P G B'} is 
countable. 

Put 

P = (|J ^n)UX(X). 

neN 

Then P is point-countable. li x £ U — I with P open in X, then there is m G N such 
that x G st(x,P m ) C P by the condition (b). Take P G V m with x £ P, then there is 
P G B' such that x £ B C P, thus P G V m (P), and xGPcPcPcP. So P is a 
base for X. Finally, it is easy to see that V is point-regular at non-isolated points by 
P C P for each P G V. 

(2) (3) by [3 Corollary, 3.2]. (3) =► (4) is obvious. And (4) => (5) by [7, Theorem, 
3.1]. 

(5) => (1). Let 1 be a metalindelof space with a point-regular base at non-isolated 
points. As in the proof of (1) => (2), there is a sequence {P n } of open covers of X such 
that {V n } is a development at non- isolated points for X. For each n G N, let *8 n be a 
point-countable open refinement of V n - And put 

B=(\J B n )Ul(X). 

Then B is a point-countable base for X. In fact, if a non-isolated point x £ U with J7 
open in X, then there is n £ N such that st(x,V n ) C P. Take B £ B n with x £ B, then 
x £ B C st(x,B n ) C st(x,P n ) C P. □ 

By Theorem 14. ITJ the following is obtained. 

Corollary 4.12. Every space with a regular base at non-isolated points has a point- 
countable base. 
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